We introduce Dedekind sums of a new type defined over finite fields. These are similar to the higher dimensional Dedekind sums of Zagier. The main result is the reciprocity law for them.
Introduction
Let c > 0, a be relatively prime rational integers. The classical Dedekind sum is defined as s(a, c) = .
We refer to Rademacher and Grosswald [6] for its proofs. One knows a higher dimensional Dedekind sum due to Zagier [7] . Let p be a positive integer, and a 1 , . . . , a n−1 integers prime to p. We assume that n is odd. Zagier defines a higher dimensional Dedekind sum as follows: For pairwise coprime positive integers a 1 , . . . , a n (n odd), this sum satisfies the reciprocity law
where l n (a 1 , . . . , a n ) is the polynomial in a 1 , . . . , a n defined as the coefficient of t n in the power series It is known that π cot π z has the following expression:
In finite fields, we have periodic functions that have expressions analogous to (1) . From this point of view, in [3] [4] [5] , we introduced Dedekind sums in finite fields, and established reciprocity laws for them. These sums are like Apostol-Dedekind sums defined by
where B n (x) denotes the nth Bernoulli function. In [4] , we posed a question: can we define higher dimensional Dedekind sums defined over finite fields as Zagier did in [7] ?
The goal of our paper is to introduce a new kind of Dedekind sums defined over finite fields. Our Dedekind sums are similar to higher dimensional Dedekind sums. As the main theorem, we establish the reciprocity law for them.
As is well known, the Dedekind sum s(a, c) is related to the transformation law of the logarithm of the Dedekind η-function as well as the mean value of Dirichlet L-functions. In our situation, the following questions naturally arise:
• Is there a relation between our Dedekind sums and the η-function in finite fields?
• Can we establish a formula on the mean value of L-functions in finite fields?
These motivated us to introduce our Dedekind sums.
Notation.
= the sum over non-vanishing elements, = the product over non-vanishing elements.
Lattices
We recall some facts about lattices and periodic polynomials. We refer to Gekeler [2] for details.
For K = F q , the finite field with q elements, K denotes a fixed algebraic closure of K . Let Λ be a subset in K . We call Λ a lattice if it is a linear K -subspace in K of finite dimension. For such a lattice Λ, define the product
The map e Λ : K → K satisfies the following properties:
• e Λ is K -linear and Λ-periodic.
• e Λ (z) has simple zeros at the points of Λ and no other zeros.
•
For a positive integer k,
is called the Eisenstein series of weight k for Λ. We use the convention E 0 (Λ) = −1. The function z/e Λ (z) has the following expression as a formal series:
Higher dimensional Dedekind sums
Let Λ be a lattice. We introduce Dedekind sums for Λ. Let K (Λ) denote the field generated by Λ over K and assume n 2. We pick up a 1 , . . . , a n ∈ K \ {0} satisfying a i a n
Remark 3.2. In case n = 2, q = 2, our Dedekind sum coincides with one of the Dedekind sums defined in [4, 5] .
The Dedekind sum s Λ (a 1 , . . . , a n−1 ; a n ) has properties similar to those of Zagier's Dedekind sum.
More precisely we have:
. . , a n−1 ; a n ) only depends on a i + a n Λ, (ii) s Λ (a 1 , . . . , a n−1 ; a n ) is symmetric in the n − 1 arguments a 1 , . . . , a n−1 ,
. . , a n−1 ; a n ) is rational, i.e., s Λ (a 1 , . . . , a n−1 ; a n ) ∈ K (Λ)(a 1 , . . . , a n ).
The proof is trivial, so that we omit it.
Remark 3.4. In general, the field generated by the Dedekind sum s Λ (a 1 , . . . , a n−1 ; a n ) over K equals K (Λ)(a 1 , . . . , a n ). (a 1 , . . . , a n−1 ; a n )
for any x ∈ Λ \ {0}.
We now state the reciprocity law for our Dedekind sums. (a 1 , . . . , a i , . . . , a n ; a i )
where a i means the quantity a i omitted.
Example
Let Λ be a fixed lattice. Firstly, we give the value of the sum of Dedekind sums for small n. 
We next consider the special case
. . , a n−1 ; a n ) = (−1)
Therefore, S K (a 1 , . . . , a n ) vanishes in many cases, including the case where 2 n < q. For n = q we
Proof of Theorem 3.6
Let us consider the rational function F (z) = e Λ (a 1 z) −1 · · · e Λ (a n z) −1 . By assumption on a 1 , . . . , a n , we have a .
Res λ/a i e Λ (a i z)
To compute the left-hand side of Theorem 3.6, we make use of the residue theorem. 
which is a polynomial in z with degree equal to n#Λ (> 1). To obtain our desired Theorem 3.6 we need the following elementary lemma. 
we have the expression
This completes the proof.
Concluding remark
Finally, we would like to make the following remark. The classical Dedekind sum d(a 1 , . . . , a n−1 ; p)
can be defined for any integer n 2. However, for n even the sum is zero, so that n is assumed to be odd in general. The same thing holds in our setting, that is to say, s Λ (a 1 , . . . , a n−1 ; a n ) can be defined for any integer n 2. If Char F q = 2 and 2 | n, then our sum is equal to zero because (−1) n−1 s Λ (a 1 , . . . , a n−1 ; a n ) = s Λ (a 1 , . . . , a n−1 ; a n )
by Proposition 3.3(ii), (iii), (iv). Depending on Λ, s Λ (a 1 , . . . , a n−1 ; a n ) might vanish for certain n's. We may therefore restrict to considering the remaining ones.
